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f - *) Abstract. Let G be a compact connected Lie group. The question of when a 

, weighted Fourier algebra on G is completely isomorphic to an operator algebra 

will be investigated in this paper. We will demonstrate that the dimension of 
the group plays an important role in the question. More precisely, we will get 
a positive answer to the question when we consider a polynomial type weight 
coming from a length function on G with the order of growth strictly bigger 
than the half of the dimension of the group. The case of SU (n) will be exam- 
ined, focusing more on the details including negative results. The proof for the 
positive directions depends on a non-commutative version of Littlewood mul- 
tiplier theory, which we will develop in this paper, and the negative directions 
will be taken care of by restricting to a maximal torus. 
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1. Introduction 

Group algebras i 1 (G) for locally compact groups G are some of the most fun- 
damental examples of Banach algebras, which are in some sense far away from 
C*-algebras, or more generally (non-self-adjoint) operator algebras, i.e. closed sub- 
algebras of B(H) for some Hilbert space H. For example, i 1 (G) is not Arens 
regular for infinite group G 34 whilst operator algebras are always Arens regu- 
lar (see [HI Chapter 4] for exampe). By endowing an appropriate submultiplicative 
weight function ui : G — > [1, oo) the weighted group algebra L X {G, uj) could be closer 
to operator algebras in some cases. Indeed, if G is a discrete countable group, then 
■ some of weighted group algebras i' 1 (G,w) actually become Arens regular [5] Chap- 

py | ter 8]. Varopoulos proved that even more is true [32]. When G = Z and p a is the 

polynomial type weight given by 

p a (x) = (1 + \x\) a , x € Z, a > 0, 

^(ZjPa) is isomorphic to a Q-algebra if and only if a > i. Recall that a Q- 
algebra is a quotient of a uniform algebra, a closed subalgebra of a commutative 
G*-algebra G(AT) for some compact Hausdorff space X. Since a quotient algebra 
of an operator algebra is again an operator algebra (see [1] Proposition 2.3.4] for 
example), Q-algebras are always operator algebras. 

The initial motivation of this paper was to consider a non-commutative version 
of Varopoulos's result. The correct non-commutative analogue of group algebras 
are Fourier algebras A(G). The discrete-compact duality suggests us that we might 
get weighted versions of Fourier algebras on certain compact groups which are iso- 
morphic to operator algebras. Recently, the theory of weighted Fourier algebras 
have been developed by Spronk/Ludwig/Turowska [27] and Lee/Samei [25] under 
the name of Beurling-Fourier algebras, which we will use as our model of weighted 
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versions of Fourier algebras. Let G be a compact group, and let G be the equivalence 
classes of irreducible unitary representations of G. We call a function w : G — > [1, oo) 
a weight if 

for any tt, it' € G and a £ G which appears in the irreducible decomposition of 
7r eg) 7r'. We define the Beurling-Fourier algebra A(G, w) by 



A(G» := {/ e C(G) : ||/|L (G , w) = /W i >, 

where f(n) is the Fourier coefficient of / at it g G and denotes the trace norm. 
Note that the constant weight uj = 1 gives us the usual Fourier algebra. In this 
paper we will be mainly interested in the following weights. The first one is tj a , 
a > 0, the dimension weight of order a given by 

^>a{^) — d", TT E G. 

If the compact group G is a connected Lie group, then G is generated by a finite 
generating set S, so that we can consider the associated length function rg. In this 
case we have the second kind of weight Wg, which we call the polynomial weight of 
order a, given by 

^M = (l + T S (vr)r, ir EG. 

Note that the above weights are of polynomial type. One can also have exponential 
type weights; the main example be as follows. For < a < 1, we define the 
exponential weight of order a as 

7q (tt) =e rs(Tr) ", neG. 

See section [3] for the details of the above definitions. 

As is usual in the theory of Fourier algebras, we will work in the category of 
operator spaces. This allows us to use D. Blecher's completely isomorphic char- 
acterization of operator algebras requiring the algebra multiplication map to be 
completely bounded on the Haagerup tensor product [3] . Note that there is no such 
characterization of operator algebras in the category of Banach spaces [7]. 

We summarize the main results of this paper. It turns out that there is an 
interesting connection between the dimension of the Lie group and the property of 
being completely isomorphic to an operator algebra. Proofs of these results will be 
given in Section HI 

Theorem 1.1. Let G be a compact connected Lie group. Then A(G, uig) is com- 
pletely isomorphic to an operator algebra if a > an d fails to be completely 
isomorphic to an operator algebra if G — SU(n) and a < . Also A(G,"f a ) is 
completely isomorphic to an operator algebra if < a < 1 . 

The situation for the dimension weights is more delicate. First we show that, 
if G is not simple (as a compact, connected Lie group), then one can not get 
an operator algebra as an isomorphic image of a Beurling-Fourier algebras on G 
coming from a dimension weight (see Theorem 14. 7p . Hence we need to restrict to 
compact, connected simple Lie groups to achieve positive result. However, even 
though we have developed the general theory, the computations become extremely 
technical as the dimension of the Lie group grows even for the most classical case 
of compact simple Lie group, namely SU(n). Nonetheless, we have the following 
results which give some evidence that one may obtain various classes of Beurling- 
Fourier algebras coming from dimension weights which are completely isomorphic 
to operator algebras. 
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Theorem 1.2. A(SU(n),oj a ), 2 < n < 5 is completely isomorphic to an operator 
algebra if a > = " ~ 1 and fails to be completely isomorphic to an operator 

algebra if a < h for every n > 2. 

It is natural to ask whether the exponent ^p-, obtained in the preceding the- 
orems, is optimal. We could demonstrate the optimal exponent of only for 
the n-dimensional torus (Theorem I4.3[) . On the other hand, the negative results 
obtained for SU(n) are quite smaller than ^ip- and we are not aware of any means 
to improve this gap. 

We would like to point out that we can not hope the Beurling-Fourier algebra 
on SU(n) to be completely isomorphic to a Q-algebra since it may not be even 
completely isomorphic to a Q-space, a quotient operator space of a closed subspace 
of a commutative C*-algebra (see Remark |4.6[) . 

This paper is organized as follows. In section [21 we develop a non-commutative 
Littlewood multiplier theory, which is a main tool for the proof of positive re- 
sults. This requires a heavy use of operator spaces, so that we collect the necessary 
back ground materials on operator spaces and operator algebras in the beginning 
of the section. Section [3] starts with a brief introduction of Beurling-Fourier alge- 
bras on compact groups and dimension weights. Then the definition of polynomial 
weights on connected compact Lie groups will follow after some preliminaries of 
corresponding Lie theory. We will close the section with a more detailed represen- 
tation theory of SU(n) and restriction results of weights to a maximal torus. In 
section |4j we present our mains results starting with a complete solution of the 
problem in the case of rt-dimensional torus, and then we focus on polynomial type 
weights and dimension weights. We will also prove positive results for exponential 
type of weights. We will study in details the case of SU (n) as our main example of 
a compact connected, simple Lie group. In the appendix we present two technical 
proofs concerning estimates of the dimension weight and the exponential weight. 

2. Some non-commutative Littlewood multipliers 

2.1. Preliminaries on operator spaces and operator algebras. We will as- 
sume that the reader is familiar with standard operator space theory including 
injective, projective and Haggerup tensor products of operator spaces. However, 
in this section we will recall some operator space theory which is somewhat less 
standard and will be used frequently later on. 

The column and the row Hilbert spaces on a Hilbert space H will be denoted by 
H c and H r . Note that they are given by 

H c = B{C,H) and H r = B(H,C). 

When dim-ff = n < oo, then H c and H r are usually denoted by C n and R n . 

For any operator space E C B(H) and T E CB(C n , E) we have the following 
concrete formula to calculate the completely bounded norm (shortly, cb-norm) of 
T, 

(2-i) imu = 

where {e.;}™ =1 is an orthonormal basis of C n . A similar formula for T £ CB(R n , E) 
is also available. For operator spaces (-Fi)igi we have 

(2.2) CB(E,($ ieI F t )9i($CB(E,F t ) 

iei 

completely isometrically via the following identification. 

T^e ie/ (/f or), 
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i=i 
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where : Q) ieI Fi — > Fj is the canonical projection, which is a complete contrac- 
tion. 

The column and the row Hilbert spaces are closely related to the Haggerup tensor 
product. In this paper we will more concerned about its dual version, namely the 
extended Haggerup tensor product. The extended Haggerup tensor product of dual 
operator spaces E* and F* will be denoted by 

E* ® eh F* 

which is given by (E ®h F)* ([5]). Then we have the following complete isometry 
[TOl Lemma 13.3.1] 

E* ® eh F*=T C 2 (F,E*) 

via the map 

A<E)Bi-^u, where u(X) = (X, B)A. 

Here T^E, F) is the space of mappings factorized through column Hilbert space [TOl 
Section 13.3]. More precisely, u € r|(.E, F) if and only if there is a Hilbert space 
H and A e CB(E, H c ), B g CB(H C , F) such that u = B o A. T C 2 {E, F) is equipped 
with the norm 72 (u) = inf ||A|| 6 ||-B|| C »,; where the infimum runs over all possible 
such factorization. We have a natural operator space structure on T 2 (E, F) given 
by the matricial norms 

7 2 C ,„(K)) =inf||A|| c6 ||S|| ci) , (uy) e M n (T c 2 (E,F)) 

where the infimum runs over all possible 

AeCB{E,M hn (H c )) and B G CB(H c ,M n>1 (F)) 

with 

(uij) = B 1;n o A. 

Recall that for any linear map T : E — > F between operator spaces we denote the 
amplified map id Mm , n <E> T : M„^ n (E) -> M m>n (F) simply by T m ,„. 

There is one more tensor product we will use frequently later on, namely the 
normal spatial tensor product. For any two dual operator spaces E* and F* we de- 
fine the normal spatial tensor product E*(g)F* by the weak* -closure of the algebraic 
tensor product E* ® F* in CB(F, E*) via the same identification map as above. 
Note that 

E*®F* = CB(F,E*) 

holds if E satisfies the operator space approximation property (shortly OAP). See 
[TU1 chapter 11] for the details. 

We close this section with some operator algebra related notations. Let A be an 
operator algebra. We say that an operator space E C B(H) is an ( abstract) operator 
left A-module if E is a left yl-module with the left yl-module map <p : A x E — >• E 
and there are a complete isometry jg : E B(K) and a completely contractive 
map 3 A '■ -A —> B(K) for some Hilbert space K satisfying 

3a(X) Je (Y) = j E (<p(X,Y)), X e A,Y <E E. 

We also say that E is a left /i-module over A if the module map ip (understood as 
the associated linear map) extends to a completely bounded map 

ip : A ® h E -> E. 

It is straightforward to check that any left operator .A-module is an left /i-modulc 
over A. Note that operator right ^4-modules and right /i-modules are similarly 
defined. Note also, in passing, that under mild assumptions, /i-modules and operator 
modules are naturally isomorphic. See [5J Theorem 3.31] for example. 
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2.2. Non-commutative Littlewood multipliers. Let S be a set for which we 
have a prescribed collection of natural numbers (do-Ves- If 1 < p < oo and d G N 
we let S 1 ^ denote equipped with the Schatten p-norm ||-|L. 

We consider subspaces of the product space Jlcres with associated norms 
for their elements: 



L°° = L ao (T;)=e o -@M da , 



L 2 = L 2 (E)=^-0^i, 
i 1 = i 1 (S)=£ 1 -0rf CT ^, 



sup \\A a 

cr£S 



E^n^ 



The space L 1 is the predual of the space L°° via the following standard duality 
bracket. 

((A a ), (B a ,)) = E MA a B a ), (A a ) e L 1 , € 

Whenever we consider L°° and L 1 as operator spaces, we assume their natural oper- 
ator space structure as a von Neumann algebra and the predual of a von Neumann 
algebra, respectively. 

Proposition 2.1. The formal identities id^ ^ : L 2 — > L°° , id^ ^ : L 2 — > 
id^ 2 '■ L 1 L 2 and id[ 2 ■ L 1 — » L 2 are complete contractions. 

Proof. We will only check the case of idj ^ since the case id£ x is similar. Moreover, 

(id^ 2 )* = id2,oo and ( id i,2)* = id2,oo- 

Since L 2 — (^ 2 -0 ffeS \fd^S 2 d<j ) c , it is enough to show that the formal identity 
id„ : (y/nS 2 ) c —> M n is a complete contraction for any n > 1. Indeed, by (|2.2j) we 
have 

|| id 2,oo|| cb = S UP llQ^oid^ooH^, 

where 

Q a :e°o_Q Mdp ^M da 
pes 

is the canonical projection, which is completely contractive. Moreover, we have 

Qa ° id^oo = id T ° Pa, <7 G £ 

where id CT : (\fd^S 2 [ ) c — > M da is the formal identity and 

Pa '■ \/dpSd p VdaSd^ 

pen 

is the canonical orthogonal projection, which explains that id^ ^ is completely con- 
tractive. 

For the claim itself we let {e-ij}™ j = i be the matrix units in M n . Since 



(|zHj) tells us that 

IlidnlU 



E n ' e ^ n ' 



2 e t 



i=l 



□ 



We need to understand the L°°-module structure on L 2 as follows. 
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Proposition 2.2. L 2 is a left operator L°° -module under the multiplication AB = 
{A a B a ) ae Y. with A — (A a ) ae z £ L°° and B — (-B CT ) CTe s € L 2 , and L 2 is a right 
operator L°° -module under a similar multiplication. 

Proof. We only check the case of L 2 . Note that L 2 C = B(C, L 2 ) can be completely 
isometrically embedded in B(L 2 ) by the embedding 

j 2 :L 2 c ^B{L 2 ), Z^N Zl 

where Nz(A) — (A,ip)Z for some fixed unit vector ip £ L 2 . If we consider the 
following standard representation of L°° 

: L°° ^ B(L 2 ), X ^ M x , 

where Mx is the left multiplication by X. Then, we have joo(X)fa{Z) = fa(XZ) 
for any X £ L°° and Z £ L 2 . Thus, L 2 is a left operator L°°-module. 

□ 



The above module structure can be easily extended to vector-valued cases. 

Lemma 2.3. Let M and N be von Neumann algebras and E a dual left operator 
M -module, i.e. a dual operator space whose predual is a right operator M -module. 
Then E<EiN is a left operator M®N -module. 

Proof. By [H Theorem 3.8.3] we may assume that there is a Hilbert space H for 
which M, E C B(H) as weak*-closed subspaces, and E is a left M-module. We let 
x £ M®N and y £ E®N and find bounded nets (x a ) C M ® N and (yp) C E ® N 
which converge weak* to x and y, respectively. Then x a y/3 £ E(&N and converges 
(with limit taken in either order) weak* to xy in B(H)®N, and hence in the closed 
subspace E®N. □ 

Now we define non-commutative Littlewood multiplier spaces. 

Definition 2.4. We define the spaces T 2 and by 

T? = T C 2 (S) = Ll®L°° and T r 2 = T r 2 (£) = L°°®L 2 r . 

Remark 2.5. In the classical case, namely when d a = 1 for all a, we have L p — 
p> = £p(y,) for p = 1,2, cxi. It is straightforward to compute, via the identifications 
T 2 = CB(W e ,e°°) = B(¥,e°°), and T 2 = CB(e\e 2 c ) = B{l x ,l 2 ) that 

Tr = j[a<7,-r] : sup^ \a<j tT \ 2 < oc j , = | [6 CT , T ] : su pX! \ b ^\ 2 < °°| ■ 

Hence we recover the classical Littlewood function space T 2 (|6j) by the sum of the 
above two space T 2 + T 2 . Note that the non-commutative setting above forces us 
to consider left (row) and right (column) cases separately. Note that we are using 
the term "Littlewood multipliers" instead of "Littlewood functions" as is used in 
the literature, which suits better in non-commutative contexts. 

Corollary 2.6. T 2 is a left, and T 2 is a right, operator L 00 ®]^ 00 -module. 

Proof. We note that L 2 is reflexive, and thus a dual L°°-module, and is a left 
operator L°°-module from Proposition 12.21 We thus apply Lemma [2.31 directly to 
see the result for T 2 ■ The result for T 2 follows similarly. □ 

Proposition 2.7. The following formal identities are complete contractions. 
I c : T 2 -> L°° ®eh L°° and I r : T 2 -> L°° ® eh L°° 



Proof. We again check the case of I c only. The other one follows similarly. 

Note that T 2 = l?^,L°° and L°° ® eh L°° can be identified with CB{L X ,L 2 ^) and 
^(L 1 , L 00 ) under the (essentially) same identification 

where u{X) = (X, B)A. 

Thus it is enough to show that the map 

CB{L\L 2 c )^Tl{L\L°°), X^i&l^oX 

is a complete contraction, where id^ oo : L c — > L°° is the formal identity. We start 
with an element 

{uij) eM n (CB(L\L 2 c )), 

where : L 1 — > L 2 . We set 

U : L 1 -> M ljn (M n<1 (L 2 c )), x ^ [(u l3 (x))^ =1 

and 

V = id MnA ® id| i00 : M„,i(L2) -> M„,i(L°°). 

Since 

M 1 ,„(M„ )1 (L2)) Si M n {L 2 c ) 

naturally we have \\U\\ cb = \\(uij)\\ cb , and clearly by Proposition 12.11 \\V\\ cb = 1. 
Moreover, we have 

(liy) = Vi >n o [7 

and M nt i{L 2 c ) = C n (Sift is also a column Hilbert space. Thus 

l2,n( u ij) < II^IUII^IU = \\(Uij)\\ Mn (CB(L\Ll)y 

This completes the proof. 

□ 

Combining Corollary |2.6l and Proposition 12 . 71 we get the following 

Theorem 2.8. Every element inT 2 (resp. T 2 ) is a right (resp. left) cb- multiplier 
from L°°®L°° into L°° (g) e ft L°° with the same cb-norm. 

3. Beurling-Fourier algebras on compact groups 

In this section we collect basic materials concerning Beurling-Fourier algebras on 
compact groups. 

3.1. Preliminary. Let G be a compact group. We will use the notation 

a C TT <E) 7r', 7T, 7r' e G 

which implies that a £ G appears in the irreducible decomposition of it ® 
The group von Neumann algebra VN(G) of G is defined by 

VN(G) = {\{x) : x G G}" c B{L 2 (G)), 

where A is the left regular representation of G. VN(G) is equipped with the co- 
multiplication 

T : VN(G) ->■ VN{G)®VN(G), X(x) h> X(x) <g> A(x). 

Using representation theory of G we have an equivalent formulation of VN(G), 
namely 

VN(G) Si t°°- M d „ 

TTEG 

under the *-isomorphism 

A(as) i— > (7f(a:)), 6 a, x EG. 

We note that ViV(G) acting on L 2 (G) is unitarily equivalent to ^-©^g-Mrf, as 
a von Neumann algebra acting on £ 2 -Q) n€ Q VdnS 2 ,^ by left multiplication. 
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We will frequently use the above identification without further comment. For 
example, we will understand (A(ir))n £ £°°- (B^gg Md„ as an element of VN(G). 
By abuse of notation we will denote T transferred to 

M d „ (e°°- M djr )® M dr 

ireG ireG ireG 

again by T. The formula for the transferred one is the following, which is a folklore, 
but we include the proof for the convenience of the readers. 

Proposition 3.1. For any A = {A(-k))^^q we have 

r(A) = (X(ny))^, e8 with Xfry)°i A(a) 

<xC7r<S>7r / 

up to unitary equivalences. 

Proof. It is straightforward to check that the formula holds for X(x) = (■7f(x)) 7re g 
for any x £ G. Now we apply weak*-density of the linear span of {A(a;) : x £ G} in 
VN(G) to get the result in full generality. □ 

3.2. Beurling- Fourier algebras. We refer the reader to [25JEZ] for the details of 
this section. 

Let G be a compact group. We call a function w : G — > [1, oo) a weight if 

(3.1) uj{a) < u](tt)uj(w') 

for any it, it' £ G and a £ G (see [351 Theorem 2.12] or [37J Section 3]). For any 
weight u), we set 

W=0U,(7T)id M ^. 
ttGG 

Note that W is an unbounded operator in general, but r(W) still can be well-defined 
also as an unbounded operator ([25, Section 2 and Theorem 2.12]). We may view 
r(W / ) as a collection of matrices with possibly unbounded matrix norms. Moreover, 
W" 1 — (B^gg uj(tt) idM dll is a bounded operator. Then, Proposition 13.11 tells us 
that 

(3.2) r(W)(W-^W-i)(ny)~ -^M- id Mdg , 

so that the condition (|3.1j) can be restated as 

(3.3) T(W)(W- 1 ® W" 1 ) < 1vn(g)- 
We define the Beurling- Fourier algebra A{G, uj) by 

A(G,w) := {/ G C(G) : \\f\\ A{G ^ = £ ^(vr) Ij/W^}, 

where 

/(tt) - / f(x)n(x)dx G M d „. 



A(G, w) can be naturally identified with the space 

^-©d^COSL- 

ttGG 

Thus the dual space is 



via the standard duality bracket, which we will denote by VN(G, W~ r ). The above 
notation is justified by the fact that VN(G,W~ 1 ) can be identified with {AW : 
A G VN(G)} endowed with the norm 

II^MlvjV(G, w- 1 ) = II^IIvjv(g) ■ 

Thus, we have a canonical isometry VN(G) -> VN(G,W~ 1 ), A i-> AW, and 
we equipped an operator space structure on VN(G, W^ 1 ) using this isometry. 
Consequently, A(G,u>) has a natural operator space structure as the predual of 
VN(G, W -1 ), with which A(G, ui) is a completely contractive Banach algebra under 
the pointwise multiplication. Indeed, the cb-norm of the pointwise multiplication 
to : A(G, oj)(g)A(G, uS) — > A(G, oS) is known to be the same as the cb-norm of the 
modified co-multiplication 

(3.4) f : VN(G) -> VN{G)®VN{G), A i-> T{A)T{W){W~ l ® W' 1 ), 

and the condition (|3.ip or (|3.3p implies that T is completely contractive. 

We finish this section with the definition of a fundamental example of weights 
on G. 

Definition 3.2. For a > 0, we define to a : G — > [1, oo) by 

w q (tt) = C (t G G). 

Clearly ui a satisfies the condition (|3.1[) . and so, it defines a weight on G; it is called 
the dimension weight of order a. 

We would like to point out that if G is abelian, then oj a = 1. Hence the dimension 
weights are interesting only for compact groups that are far from being abelian. 

3.3. Weights on the dual of compact connected Lie groups. When the group 
G is a connected compact Lie group, we have another fundamental example of 
weights on G using the highest weight theory. See [33] or [27l section 5] for the 
details. 

Let q be the Lie algebra of G with the decomposition g = 3 + 0i, where 3 is 
the center of g and g± = [g,g]- Let t be a maximal abelian subalgebra of 0i and 
T =expt. Then there are fundamental weights Ai,-- - ,A r ,Ai,-- - , A/ G g* with 
r = dimj and I = dimt such that any tt G G is in one-to-one correspondence with 
its associated highest weight 

r I 

(3.5) K =^2a i X i + ^2b j A j , 

i=i 3=1 

which is parameterized by r integers J =1 and I non-negative integers (bj)j =1 G 
Z ; + . Note that we adapted the same notations for the weights Ai and Aj from [23 
section 5]. 

Let Xi be the character of G associated to the highest weight Ai and irj be the 
irreducible representation associated to the weight Aj. Then, 

S={± Xi ,7r J -:l<i<r,l<i<Z} 

More precisely, if we denote for every k > 1 , 

7T C ui ® ■ ■ ■ ® ak where 01, • • • , G S U {1}}, 

(J S® k = G. 

k>l 

Now we define t$ : G — > N U {0}, the length function on G associated to S, by 

t s {it) :=k, if neS 9k \S 9 ^ k - 1 \ 
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is known to generate G. 

S m = {tt G G 
then we have 



From the definition, we clearly have 

(3.6) ts(ct) < t s (it) + ts(tt') 

for any 7r, n' € G and a C 7r ® it'. This fact allows us to use rs to construct various 
weights on G. 

Definition 3.3. For a > and 1 > j3 > 0, we define wg, 7^ : G -J- [1, 00) by 

^(tt) = (1 + rsWr , tICtt) = e TsW " (tt G G). 

Using (|3.6[) . it follows routinely that both and 7^ satisfy (|3.1[) . and hence, they 
define weights on G; they are called the polynomial weight of order a and the 
exponential weight of order /3, respectively. When G is abelian (e.g. G = T n ), then 
our definitions coincide with the classical polynomial and exponential weights on 
finitely generated abelian groups. 

Remark 3.4. (1) We would like to highlight the fact that the above length 
function ts is equivalent to the following 1-norm defined on G: 

r I 

i=i j=i 

where the integers a, and bj are defined in (|3 . 5[) . Indeed, in the proof of 
[27l Theorem 5.4], it is proved that there is a constant G depending only 
on G such that 

(3.7) T S (7T) < Hi < Gr S (7T). 

(2) We may consider a variant of exponential weights of the form e DTS ^ f ' with 
an additional parameter D > 0. We note that all the results in this paper 
concerning the weight e Ts ^ f< still hold in the case of the weight e DTS ( 7T ^ 
with a minor modification of calculations. 

3.4. Weights on the dual of SU(n) and its restriction to a maximal torus. 

The classical group SU(n) is semisimple, so that we have 3 = 0. We denote the 
maximal torus of SU(n) consisting of diagonal matrices by H n = T™ _1 . Then 
SU(n) is in one-to-one correspondence with (n — I)-tuples 

(&!■■• ,b n -i)eZ n + -\ 

Note that the canonical generating set is given by 

S = {(1,0,-,0),-,(0,-,0,1)}CZ- 1 . 

By setting 

An = 0, A„_i = b n -i, A n _2 = 6 n -2 + b n -i, ■ ■ ■ , Ai = 61 H h 6 n -ij 

we get a one-to-one correspondence between 5*^7 (n) and n-tuples A = (Ai • • • , A n ) G 
Z™ satisfying 

Ai > A 2 > • • • > A n _i > A„ = 0. 
We will denote the n-tuple by A = (Ai • • • , A„), which is usually called a dominant 
weight in Lie theory. See [16] for the details of representation theory of SU(n). Let 
tt\ be the irreducible representation corresponding to A = (Ai • • • , A„). Then its 
length is 

(3.8) ts(tt\) = \\tt\Wj = Ai, 

and its character function x\ = Xw A has the following form when it is restricted to 
a maximal torus H n = {diag(xi, • • • , x n )}: 

X\{ x lj ■ • • j x n) — ^ %\ ■ ■ ■ %n 1 
T 
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where T runs through all the semistandard Young tableaux of shape A with param- 
eters t\, . . . ,t n . Here the parameter tk, 1 < k < n, is the number of times k appear 
in the tableau. Moreover, X^<Li U — SlLi ^« an< ^ we nave the following dimension 
formula: 

dA=^= n A A< y ' 

x x 7 — ?. 

l<i<j<n 

Since a;i • • • x n = 1, we may also write as follows 

(3.9) xx(x%,...,x n -i) = ^Vi 1- *" ...x^Zi~ 

T 

Now we turn our attention to the restriction of weights to subgroups. Let H be a 
closed subgroup of G, and let lu : G — >• [1, oo) be a weight. We define the restriction 
of uj on if, w# : H — > [1, oo) by 

(3.10) uj h {k) = inf{u;(F) | 7T C tt|h}- 

Then it is shown in [25 , Proposition 3.5] that ljh is a weight on H and the restriction 
map 

(3.11) R H : A(G,u) ^ A(H,u H ), f >-> f\n 

is a complete quotient map. 

We mainly focus on the case when G — SU(n) and H = H n = T n_1 , a maximal 
torus of SU(n). We first need to understand the decomposition of n\ii n for any 
7r G G. The following proposition is an immediate consequences of the definition of 

7T A . 

Proposition 3.5. Let A and w\ be as above and P — (px, ■ ■ ■ ,p n -i) € Z™ _1 be an 
(n — l)-tuple of integers. Then, the character \P o/T™ -1 associated to P satisfies 

XP C 7T A |ff„ 

if and only if there exists a semistandard Young tableau T with parameters t\, . . . ,t n 
such that ti — t n = pi for every 1 < i < n — 1 . 

We show in the following theorem that if we restrict dimension weights on SU(n) 
down to H n = Z" _1 , then we would again get polynomial weights on Z™ -1 . Recall 
the polynomial weight p a of order a > on Z"" 1 is given by 

Pa (p) = (i + HPiir = (i + m + •• • + b„-iir, p = (pi, . . . , Pn -i) g z"- 1 . 

Theorem 3.6. Let a > 0, and let u a the dimension weight on SU(n) defined in 
Definition \ 3. c 2\ Then the restriction of uj a to H n is equivalent to the polynomial 
weight pt n -x) a on Z" _1 up to constants depending only on n and a. Moreover, 
^4(T™ _1 , pr n -i)a) * s completely isomorphic with the complete quotient of A{SV (n) , uj a ) 
coming from the restriction to H n . 

Proof. Fix n > 2 and P = (p 1( . . . ,p n -i) G Z"" 1 . By (|3~TU|) and Proposition 

13.51 we must estimate the infimum of d\ over all possible xp C tt\\h„ € SU(n). 
Without loss of generality, we can assume that p\ > pi > . . . > p n -x since the 
Schur polynomial is symmetric (so the rearrangement t' x > t' 2 > ••• > t' n _ 1 ,t n 
of t\, . . . ,t n —i,t n also appears in a semistandard Young tableau of shape A), the 
latter is equivalent to xp' C ttaIt"- 1 ! where P' is the rearrangement of P in the 
non-increasing order. 

We now consider a particular A = Xp G Z™ such that xp C ttaIt"- 1 given by 

n-1 

(3.12) Ap : Ai = ^Pi + n\p n -x\, A 2 = • ■ ■ = A„ = 0. 

i=l 

11 



If we set the parameters ti , • • ■ , t„ by 

(3.13) t n = \p n -i\, 

k = Pi + \p n -i\, 1 < i < n - 1, 
then since p\ > pi > . . . > we have 

ti > t 2 > ■ ■ . > t n -i = p n -i + \p n -i\ > 0. 

Therefore for each 1 < i < n, we have ti > 0. Note that Ap is a diagram with only 
one row, so that it is easy to find a semistandard Young tableau of shape Ap in 
which the weight of each integer j is exactly tj for every 1 < j < n as follows: 



Moreover, 



d\ P = 



n 



l<i<j<n 



(A, - Xj 



(n-1) 



Yll<i<j<nU i) 



< 



Kj<n \i— 1 

7W II \(n + l)(j2\Pi\ + l 



(n-1) 

(n + 1)"- 
(n-1)! 



1<3<" 



v i=l 
n-1 



E^i + 1 



On the other hand, let A be any dominant weight such that \p C 7r\| T n-i. Then 
there exist parameters ti,...,t n such that pi — U — t n for every 1 < i < n — 1. 
Moreover, we have 



n-1 



n-1 



(3.14) 



E>| + l = 5>-*n|+l<5> + *») + 1 



< 1 + (n - 1) E *< - 1 + (" - 1) E Ai 

i=l i=l 

< l + n(rc - l)Ai < ?i 2 (Ai + 1). 



We also have 



JJ (A, - X j 

l<i<j<n 

> (Ai + l)(Ai - A 2 + 1)(A 2 + l) ... (A t - A n _i + l)(A n _i + 1) 

n— 2 



,(A 1 + 1 ,(^) 



where we used the fact that ab > whenever a and & are both at least 1. By 
combining the preceding inequality with (I3.14p . we get 



dx = 



n 



l<z<j<n 



(Ai - X 3 



ril<i<j<nU 



> 



(Ai + 1)' 



2™- 2 n 



l<2<_7<n 



U-i) 



>c„ Ei^i + 1 



where c„ = - -. Consequently, we have 

(n 2 )« 1 2™- 2 rii< l < 3 <„U-*) 



/n-1 X"" 1 /n-1 X"- 1 

Cn\y2\pi\ + l) <Ul\H n (Xp)<dn\J2\Pi\+l) 

where d n = — 7 77—- Since n > 2 and P = (pi, . . . ,p n _i) € Z 71-1 are arbitrary, 

(n — lj! 

we conclude that for every a > 0, 

C nP(n-l)a ^ W als„ - 0(n-l)a' 

The final result follows from p. lip (see also (551 Proposition 3.5]). 

□ 

We can also make similar estimation for the restriction of weights of polynomial 
type on SU(n) down to H n — Z™ _1 . We will again obtain polynomial weights on 
Z™ _1 . However, the order will be different and computation become more straight- 
forward. 

Theorem 3.7. Let a > 0, and let ujg the polynomial weight on SU(n) defined 
in Definition \3.3\ . Then the restriction of w<j to H n is equivalent to the polyno- 
mial weight p a on IT 1 ^ 1 up to constants depending only on n and a. Moreover, 
A(Y n ~ , p a ) is completely isomorphic with the complete quotient of A(SU(n),u)g) 
coming from the restriction to H n . 

Proof. By Remark 13.41 and (|3.8|) . we can assume that for every tt\ £ SU(n), 

wg(7r A ) = (l + Ai) a . 

Fix again n > 2 and P = (pi, . . . ,p n -i) £ Z™ -1 . As in the proof of Theorem 13.61 
we can assume that 

Pi > P2 > ■ ■ ■ > Pn-l, 
and consider a particular A = \p £ Z™ such that \p C 7rx|x»-i by assigning the 
same parameters Aj and U as in (|3. 12|) and p,13p . Then 

n-1 /n-1 \ 

1 + A l = 1 + ^2 Pi + n \Pn-l\ < (n+ 1) I M + 1 ' 

z=l \i=l / 

On the other hand, let A be any dominant weight such that \p C ttaIt™- 1 - Then 
we can use (13. 14)) to get 

Putting together the preceding two inequalities, (|3.10l) and Proposition ^. 51 we have 

h Iftl + X ) ^ ^s\hSxp) <(«+!) (j2 W + X ) ■ 

Since n > 2 and P = (pi, . . . ,p n -i) £ Z™ -1 are arbitrary, we conclude that for 
every a > 0, 

^Pa <"s\S n < (n+l) a p a - 

The final result again follows from (|3.1ip (see also 25, Proposition 3.5]). □ 

In the above we get equivalence of weights since we are working on polynomial 
types of weights. When we deal with exponential type of weights the above restric- 
tion does not guarrantee the equivalence of weights. However, restricting further 
down to 1-dimensional torus allows us to get an exact formula, which will help us 
later in section |4~51 
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Theorem 3.8. Let 7^ the exponential weight on SU(n) defined in Definition \3.3\ 
Let T be the 1- dimensional torus in H n whose entries are all 1 except for the first 
two. Then the restriction of 7^ to T is exactly the same as the exponential weight 
e' 1 on 1. Moreover, t l (Z,e^) is a complete quotient of A(SU(n),jg). 

Proof. The same approach as in Theorem 13.71 gives us the conclusion. Indeed, we 
begin with P = (pi,0, ... ,0) € Z™ -1 . Now we set ti = Ai = A 2 = t 2 = ■ ■ ■ = 
X n = t n — 0, then it is easy to observe that this choice of parameters can be easily 
realized in a semistandard Young tableau of shape Ap. Thus, we have 

7ik(P)<eK 

For the converse direction we let A be any dominant weight such that \p C toJt™- 1 ■ 
Then there exist parameters t± , . . . , t n such that p\ =t\ — t n and = t% — t n = ■ ■ ■ = 
t n -\ — t n . Since the parameters should be realized a semistandard Young tableau 
of shape A we clearly have that ti,t n < Ai, which implies that \pi\ < X±. Thus, we 
have 

□ 



4. Beurling-Fourier algebras on compact groups which are operator 

algebras 

In this section, we investigate when a Beurling-Fourier algebra on a compact 
connected Lie group can be completely boundedly isomorphic to an operator alge- 
bra. Throughout this section, we use the term "positive result" when such a thing 
happens and "negative result" when it does not. 

Our approach for seeking Beurling-Fourier algebras as operator algebras is based 
on the following theorem of Blecher ( [3] ) . 

Theorem 4.1. Let A be a completely contractive Banach algebra with the algebra 
multiplication m : A® A — > A, where $3 is the projective tensor product of operator 
spaces. Then, A is completely isomorphic to an operator algebra if and only if the 
multiplication map extends to a completely bounded map 

m ; A (8/t A -> A. 

In the case of A = A(G, w) with the operator space structure described in sec- 
tion |31 A{G, uj) is completely isomorphic to an operator algebra if and only if the 
following map is completely bounded. 

(4.1) f : VN(G) VN(G) ® eh VN(G), A ^ T(A)T(W)(W' 1 ® W^ 1 ). 

Since we already know T : VN(G) — > V N (G)®V N (G) is a complete contraction, 
we can get the positive direction (i.e. A{G,uj) being completely isomorphic to an 
operator algebra) if r(VF)(VF~ 1 (£> W" 1 ) can be split as a sum of right or left cb- 
multiplier from VN(G)®VN(G) into VN(G) ® eh VN(G), where we could apply 
non-commutative Littlewood multiplier theory we developed earlier. 
The following lemma will be used frequently throughout this section. 

Lemma 4.2. ,. ,..„ < 00 if and only if ,. ,..„ < 00 if and only 

jgz^ ( i + IMI) iz« ( 1 + IND 

ifa>%. 

Proof. The above series is sometimes called an Epstein series ( (T2J P-277] for exam- 
ple). The results follows from a standard integral test argument. □ 
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4.1. The case of T™ with polynomial weights. In this subsection, we consider 
the case of G = T" with polynomial weights. Since T" = Z" and yl(T",w) = 
l x (7L n ,iS) we can reformulate our problem as follows. 

The weighted convolution algebra £ 1 (Z™, ui) with the maximal operator space struc- 
ture is completely isomorphic to an operator algebra if and only if the following map 
is completely bounded. 

(4.2) f : £°°(Z") -> t°°(Z n ) ® eh t°°(Z n ), (a k ) keZ « ^ {T{i,j)a i+j ) ideX n, 
where T = (T(i, jggn is the matrix given by 

4.3 T = 

associated with the weight uj : Z" — > [1, oo). 

We will present a complete solution focusing on the case of polynomial weight 
p a . Note that the 1-dimensional case has already been established in [32] in the 
setting of Banach spaces. The authors thank Eric Ricard for providing the main 
idea of the proof. 

For the proof we need some background material of harmonic analysis. Let 

Q : L°°(T) -> B(l 2 ), f i ^ (f(-(i + j))) iJe z. 

According to Nehari's theorem Q is a contractive surjection onto the space of Han- 
kelian matrices (see [2Sj Section 6] for example). 

One more ingredient is the Rudin-Shapiro polynomials. Recall that the Rudin- 
Shapiro polynomials are defined in the following recursive way. 

P (z):=l, Qo(z):=l, 

and for k > 0, 

P k+1 {z) := P k {z) + z 2k Q k (z), Q k+1 (z) := Q k (z) - z 2 " P k {z). 

By doing an induction on k, it is straightforward to check that the coefficients of 
P k are ±1, degP fc = degQ fc = 2 k - 1 and 

\P k (z)\ 2 + \Q k (z)\ 2 = 2 k+1 (zeT). 

Hence 



\\p k \\ L ~ m < 

Combining the above two ingredients we get a sequence of Hankelian matrices 

A 2 „ = Q(P k ), k > 0, 
where A 2 k is a 2 k x 2 k matrix with entries ±1 satisfying 



(4-4) 

Theorem 4.3. The weighted convolution algebra £ (Z n , p a ), a > with the maxi- 
mal operator space structure is completely isomorphic to an operator algebra if and 
only if a > d ^ " = § ■ 

Proof. Let T a be the matrix (|4.3|) associated to p a , which means 

l + + 



T a (i,j) = 



We need to determine for which value of a, the mapping F defined in (|4.2|) is 
completely bounded. Clearly we have 



i+ibii; - V(i + ii*ii) q a + \\j\\y 



so that T a = ST™ + ST£, where 



(l + ||i||)2a ' (l + ||j||) 2 « 

and S G £°°(Z n x Z n ) with < S < 2 a . Thus T a E T 2 = T 2 + T 2 provided that 

iez™ v ; 

Now we have the positive result for a > ^ by Theorem 12.81 and Lemma 14.21 

For the negative direction, we consider the restricted sequence T£ of T a to the 
set of indices 1% x 12, where 

Id = {i = {h, ■ ■ ■ ,in) ■ 1 < h,--- ihi< d}. 

Then we may regard Tj as a matrix acting on l 2 (I2), and the norm of T£ in 
e°°(Z n ) (g> eh i°°(Z n ) is exactly the Schur norm of T£ [31] Theorem 3.1]. Moreover, 
we have a lower estimate of the operator norm of Tj* as follows. 



(4.5) 



Indeed, if we set u = e « € £ (JJ), then ||w|| 2 = d 2 and 



> 



> 2~ a 



v / i+Jli+ijj 
^ V(i + INI)(i 

feVi + IHII ' - 

£ (ttp 



11.711 



- 2- a d n I V - 

Now we recall a sequence of Hankelian matrices Ad £ Aid, d = 2 k > 1 in (|4.4I) . 
Then we have 

= (Oi+j)t,j=l 

with a, e {±1}. Let a = £? =1 0,(5, € £°°(/]) and 

6 = a ® • • • ® a € C £°°(Z n ), 



i.e. 6j 



flii • • • &j„ ■ Then the associated Hankel matrix of b, i.e. 



B - ( b i+j)i,jeis j 

is nothing but £> = eg) • • • ® ^4^, the n- tensor power of Ad- Since we have 

f(6) = [b i+j T2{i,j)\ jeI „ 

and each hi = ±1 we get 

IWIL^II^ILj^W.i)W|U (JI)8rt< . W) . 



Then, by flS}, < < (2d)?, we get 

[6i +j T d «(i,i)]. . ez? 



r 


> 








(by 



If a < ~, then the right-hand side grows without bounds when d — > oo (Lemma 
, so that we have the negative result. □ 



4.2. The general case of compact connected Lie groups with polynomial 
weights. When the group is a compact connected Lie group, then we have positive 
results if the order of the polynomial weight is strictly greater than the half of the 
dimension of the group. 

Theorem 4.4. Let G be a compact connected Lie group, and let ujg be the poly- 
nomial weight of order a on G [Definition (|3.3p ). Then A(G, ujg) is completely 
isomorphic to an operator algebra if a > d ^ . 

Proof. Suppose that a > t^tp-. For simplicity, we write w instead of u>g. We set 
W = 7r£ g cj(7r)idM d „ £ VN(G) be the operator associated to uj and 

T = T(W)(W- 1 W- 1 ) £ VN{G)®VN(G). 

Then, by (PHj) . we have 



By (|4.1[) . we need to show that F : A n- T(A)T is well-defined and completely 
bounded. To achieve this, we will apply the non-commutative Littlewood machinery 
developed in Section [5] with L°° — VN(G) to get the decomposition of the operator 
T into T = T 1 +T 2 with T x £ 7? and T 2 eT?. In order to do so, we first need to 
estimate each component of T as follows. 

Let tt,tt' E G and a c tt ® tt' . Then, by (|3.7|) . we have 

1+T g (<r) 
(l+r s (7r))(l+r s (7r')) 
1- 



<(i + cy 



-2a 



<(1 + C) 



(i + Wi)(i + lk'lli) 
W i + Wi + IMIi 



< 



(i+Wi)(i + ikiii) 

2 W 1 



(i + c)V V(i + IKIIi) Q (i + lk'lli) c 



Hence 



T = S(T 1 +T 2 ), 

where Ti,T 2 £ VN(G)<E>VN(G) are positive and central elements defined by 
fi(7r,7r') = ( - 1 + || 7r || j a id M d „ ® idAf djr , 



and 



r 2 (7r,7r') = (1 + ||?r/|| )a id Afdj ®id M ^ 

'N(G) is some pc 
claim that T 1 eT r 2 ,f 2 e T c 2 . Indeed 



and 5 G VN(G)®VN(G) is some positive element with ||5|| < ( (1+ 2 C) 2 ) • We 



\7T£G / 



1 



VJV(G) 



and 



Hence 



L VAT(G) 



® (i + M^ 1 ^ ( ^ (i + Ikllj 2 " 

7T6G £2 \7rGG 



so that T x G T r 2 since a > (see [33 Lemma 5.6.7]). Similarly, T 2 G T c 2 . Now, 
by the centrality of T2, we have that for any A G VN(G), 

f(A) = T(A)T = T(A)ST 1 + T(A)Sf 2 = T(A)Sf 1 + f 2 T(A)S. 

Since the maps 

VN(G)WN(G) -> VN(G) ® eh VN(G), X i-» XSTi 

and 

ViV(G)WJV(G) -> VN(G) ® eh VN(G), X h> f 2 XS 

are completely bounded by Corollary 12 . 61 and Theorem l2.8[ we can conclude that T 
is also completely bounded. 

□ 

In general, we were not able to obtain the negative result for A(G,u)g). In fact, 
we believe this to be very difficult. However, in the special case when G = SU(n), 
we have the following: 

Theorem 4.5. A(SU(n), ujg) is not completely isomorphic to an operator algebra 

//<> • V- 

Proof. It follows from Theorem 14.31 that yl(T™ _1 , p a ) is not completely isomorphic 
to an operator algebra if a < On the other hand, by Theorem [3~71 AtT^ 1 , p a ) 

is completely isomorphic to a complete quotient of A(SU(n),uig). Hence the result 
follows from the fact that a complete quotient of an operator algebra is again an 
operator algebra [H Proposition 2.3.4]. □ 

Remark 4.6. (1) Theorem l4. 31 tells us that the exponent is optimal when 
G = T n whilst by comparing Theorem 14.41 and Theorem l4.5[ we see that we 
have a rather big gap for the case of SU(n). 
(2) Varapolous showed that A(T, pi) is a Q-algebra if and only if a > 1/2 
[32 . However, in general we can not expect A(G,Ug) to be completely 
isomorphic to a Q-algebra since it may not be even completely isomorphic 
to a Q-space. Recall that an operator space E is called a Q- space if it is a 
operator space quotient of a minimal operator space. More generally, the 
cb-distance of E from a Q-space is defined by 

d Q ( J B)=i n f{||T|| c6 ||T- 1 | |otil 



where the infimum runs over all possible complete isomorphism T : E — > F 
for some Q _s P ace F. Clearly, Q-algebras are Q-spaces. Moreover, we have 
the following estimates ([4] Proposition 5.4.16]). 

dQ(C n ) = y/n. 

Indeed, A(SU(n),ujg) contains row Hilbcrt spaces of arbitrarily large di- 
mensions so that A(SU(n),u!g) is not completely isomorphic to a Q-space. 

4.3. The case of compact connected non-simple Lie groups with dimen- 
sion weights. In this section, we show that, for a non-simple compact Lie group 
G, one can not find a Beur ling-Fourier algebra on G which is isomorphic to an 
operator algebra. Hence we need to restrict our attention to simple cases (such as 
SU(n)) to obtain operator algebra for dimension weights. 

Theorem 4.7. Let G be a compact connected non-simple Lie group and a > 0. 
Then A(G,Lo a ) is not isomorphic to an operator algebra. 

Proof. Since G is not simple, by [HI 6.5.6], G = (P x T)/A, where P is a product 
of compact connected simple Lie groups, T is an infinite compact connected abelian 
group and A is a central subgroup of P x T . This, in particular, implies that G' =/= G, 
where G' is the derived subgroup of G. Hence G/G' is an infinite compact connected 
abelian group. On the other hand, since G' is compact, we can view C{G/G') as a 
subalgebra of C(G). With this identification, a straightforward computation shows 
that, for every / € C{G/G r ) C G(G) and vr e G, 

/(tt) = if d« > 1. 

Thus 

ll/IU (G , w „) = ]T< +1 ll/>)lli 

nee 

= E i/wi- 

X6G/G 7 

Thus the commutative group algebra i x (GjG') is a closed subalgebra of A(G,uj a ). 
Hence if A(G,u> a ) is isomorphic to an operator algebra, then so is t 1 (G/G'). How- 
ever this is impossible because £ 1 (G/G') is not Arens regular [34], and so, A(G,u) a ) 
is not isomorphic to an operator algebra. □ 

4.4. The case of SU(n) with dimension weights. Let tt\,tt^ 1 tt v g SU(n) with 
Conjecture 1. There is a constant C(n) depending only on n such that 



& - c{n) ( aTTT + ^tt) 



dxa^ 

Theorem 4.8. Conjecture^ is true for 2 < n < 5. 

Proof. The case n = 2 is trivial. The proof for 3 < n < 5 will be presented in the 
appendix. □ 

Now we consider the case of SU(n) with the dimension weights. 

Theorem 4.9. Let uj a be the dimension weight of order a on SU(n) (Definition 
HO) . Then: 

(i) A(SU(n) 1 uj a ) is completely isomorphic to an operator algebra if 2 < n < 5 and 
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a> M = 2 *_ 



(m) ^4(5?7(n), u> a ) is not completely isomorphic to an operator algebra if n > 2 and 



Proof. For (i), since by Theorem 14.81 Conjecture 1 holds, we have 
WqM <(2C(n)r / ' 1 ' 1 



a; Q (7TA)w Q (7r Al ) \(Ai + l) Q (^i + l) 

1 



(2C(n)Y 



(i + lkAy a (i + Klli) 

for any 7iv C 7Ta <8> tt^ ■ The rest of the argument goes exactly the same as the one 
presented in the proof of Theorem l4.4l Part (ii) follows from Thcorem l3.6[ Theorem 
I4.3l and the fact that a complete quotient of an operator algebra is again an operator 
algebra [U Proposition 2.3.4]. □ 

4.5. The case of compact connected Lie groups with exponential weights. 

Let G be a compact connected Lie group. For < a < 1, we recall the exponential 
weight 7q = 7!? in Definition 13.31 In this section, we will study when the Beurling- 
Fourier algebra A(G, 7 a ) is completely isomorphic to an operator algebra. If we want 
to apply the same approach as before we need to find an appropriate decomposition 
of the function 

for any 7t,7t',ct G G with a C tt ® it'. However, the lack of subadditivity of the 
function e Ts ^ makes the problem more complicated. Instead, we use the following 
estimate. 

Proposition 4.10. Let < a < 1 and ft > max{l, ^7j~y }- There is a constant 
M depending only on a, (3, and the group G such that 



7a( 7r )7a( 7r ') w ( g(7r)w (3 (7r') 
for any 7r, 7r', a S G with a C 7r ® tt' . 

Proof. We present the proof in the appendix [B] □ 

Now we have the results for exponential weights. Note that in the case of expo- 
nential weights we have a better understanding of the negative results. 

Theorem 4.11. Let G be a compact connected Lie group and < a < 1. Then: 

(i) j4(G, 7q) is completely isomorphic to an operator algebra if < a < 1. 

(ii) If G is not simple, then A(G,ji) is not isomorphic to an operator algebra. 
(Hi) If G = SU(n), then A(G,ji) is not isomorphic to an operator algebra. 

r 6 i 

Proof. First assume that < a < 1 and take j3 > max < 1, — >. Then, by 



Proposition 14. 101 we have 



oj(1 



la {a) < M 2 uj p (a) <m2 ( 2 Y( 1 , 1 



mil 



1/3 



7«W7a(7T') - UpWwptf) - \(l + C)J Va + lklll)^ (1 

If we take /? large enough, then by a similar argument to the one presented in the 
proof of Theorem 14. A\ we can conclude that A(G 1 r y a ) is completely isomorphic to 
an operator algebra. This proves (i). 

For part (ii) , similar to the proof of Theorem 14. 7\ we can show that the com- 
mutative Beurling algebra ^(G/G'^ja) is a closed subalgebra of A(G, 71), where 
7a = (7a)lg7g?- Hence if A(G, 71) is isomorphic to an operator algebra, then so is 

£ 1 (G/G", 7a). However it follows routinely from the definition of r$ (preceding to 



Definition 13.31) and the fact that G/G' has a copy of Z that ^(Z,eH) is a closed 
subalgebra of ^(G/G 7 , f a ). But ^(Z, el l) is not Arens regular by Theorem 8.11], 

and so, it can not be isomorphic to an operator algebra. Therefore I 1 (G/G', j a ) 
can not be isomorphic to an operator algebra. This completes the proof of (ii). 

Finally, if G = SU(n), then by Theorem l3.8l we have that £ 1 (Z, e' ') is a complete 
quotient of A(SU(n), 71). Hence A(SU(n), 71) is not isomorphic to an operator 
algebra since quotients of operator algebras are again operator algebras (see [H 
Proposition 2.3.4] for example). □ 

Remark 4.12. We note that when a = we have A(G,7o) = A(G), which is not 
Arens regular by |15j . Hence it can not be isomorphic to an operator algebra. 



Appendix A. Solution of the conjecture for 3 < n < 5 

Let tt\, 7r M , 7r„ € SU(n) with ir v C tt\ ® 7r p . The Littlewood-Richardson rule tells 
us that 

^1 < Ai + Ail- 
Now we have 



d\d^i Ul<i<j<n( X i - X 3 +3-*) IIl<i<j<n(W _ til + 3 ~ *) 
= /•// 

with 

+ n — 1 



7 = 



(Ai + n- l)(/xi +n- 1) 
and 77 is the rest of the factors. For I we clearly have 

j < Ai + hi + n - 1 < 1 , 1 



(Ai +n - l)Oi + n- 1) ~ Ai + 1 /zi + 1 
Thus, we can prove the conjecture once we get the following estimate. 
(A.l) II < C{n). 

We will introduce the following notations for simplicity. 



(A.2) 




Ai — Ay, 
Ai + 

Ai Aj + /ii — /ij . 



Note that it is enough to check the following to get (]A.1[) . 

n 

l<z<j<n 

(A.3) II' = - - < C (n) 

11 Ay H fXij 
l<i<j'<n 

(i,j')#(l,n) (i,i)^(l,n) 

for non-zero integers A^ and Hij- 

Note also that it is not clear whether the case of SU(n — 1) is included in the 
case of SU(n). 
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A.l. The case of SU (3). Let A = (Ai, A 2 , A3 = 0) and /j, = (pi, /i 2 , ^3 = 0). From 
the Littlewood-Richardson rule any 7r„ C ir\ ® tt^ must be of the following form: 

V\ = A/Xi — Qti — Qt2 

^2 = A/i2 + oil — P — \[J-2 + A (where A = ot\ — (3) 
vz = A// 3 + a 2 + P, 

where ot\, a 2 > are the numbers of "new" boxes with 1 in the second and the 
third row, respectively, and P > is the number of "new" boxes with 2 in the third 
row. 




v\ = Ai + Hi — a± — a 2 

V2 = A 2 + fJ.2 + «i - /3 

= ol 2 + /3 



v*i = Ai + Mi — ai — a 2 — (ct2 + /?) 
v' 2 = A 2 + ^2 + on - P - (a>2 + /J) 



Note that v = (i>i, v 2 , 1/3) = (u[, u' 2 , 0), where u[ = ui — vj, and ^ 2 = v 2 — 1/3. 

The Littlewood-Richardson rule tells us that there are two kinds of restrictions 
on the parameters and p. The first one comes from "Pieri's formula" , which says 
that no two boxes in the same column can have the same number, so that we have 

"i < A 12 , a 2 + P < A 23 + a.1 

a 2 < A 23 . 

The second one goes as follows. When we list the new boxes from right to left, 
starting with the top row and working down, say from 1 to k-th boxes, the number 
i should appear no less than the number i + 1, so that we have 

ai + a 2 < H12 + P, P < M23 

OL2 < Ml2' 

Now we can extract constraints for A = ai — P as follows. 



(A.4) 



\A < min(Ai 2 ,Mi2) 
\-A < min(A 23 ,^ 23 ) 

Thus, the conjecture (|A.3[) boils down to finding an upper bound (independent 
of A and fi) of 

, _ {\[i V2 -ai-a 2 - A)(\fj, 2 3 + A - (a 2 + P)) 
A12A23M12M23 

where A = o>i — p. Now we make a simple estimate. 

H , < (X/ii2 - A)(Xfi 23 + A) = n „ 

Al 2 A 2 3/ii2/J.23 
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(A.5) 



We will frequently use the following inequality. 

(a + b) min(a, b) 



< 2, a,b > 



Now we divide the cases into two parts, namely (1) A > 0, (2) A < 0. 
(1) When A > by (fOt and (fOj) we have 

X/ii 2 (Xfi 2 3 + A) A^i 2 A/i 2 3 X/j,i 2 A 



II" < 



Al2A23/^12A t 23 Ai2A23^12^23 A12 A23/ll 2 /i 2 3 



< 4. 



(2) When A < we similarly have 77" < 4. Note that 77" is symmetric in 
(A,Ai2,jui2) and (-A, A 23 , ^23)- 

A. 2. The case of ST/ (4). Let A = (Ai, A 2 , A3, A4 = 0) and fx = (fxi,fj, 2 , A«3, A«4 = 0). 
Prom the Littlewood-Richardson rule any 7r„ C ir\ ® 7r M must be of the following 
form. 

= A/Xl — ai — Q!2 — «3 

= A^ 2 + ai - /3i - ^2 = A/i 2 + A (where A = a\ - Pi - p 2 ) 
= A/i3 + a 2 + Pi — 7 = A/i3 + B (where B — a 2 + Pi — 7) 
= A^ 4 + a 3 + p 2 + 7, 

where ai, a2, 03 > are the numbers of "new" boxes with 1 in the second, the 
third and the fourth row, Pi, p 2 > 0, the numbers of "new" boxes with 2 in the 
third and the fourth row, and 7, the number of "new" boxes with 3 in the the fourth 
row. 



517(4) : 




h 7 
vi = Ai + fii — ai — a 2 — 0:3 

V 2 = A2 + fl2 + Oil — Pi — P 2 

vz = A 3 + fi 3 + a 2 + Pi - 7 
k 1/4 = a 3 + ft 2 + 7 

The Littlewood-Richardson rule tells us that there are two kinds of restrictions 
on the parameters on, Pi and 7. The hrst one coming from "Pieri's formula" is 



ai < A12, 
ol 2 < A 23 , 

"3 < A34. 



a 2 + Pi < A23 + ai, 
a?, + P 2 < A34 + a 2 



"3 + Pi + 7 < A34 + a 2 + Pi 
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The second one by counting is 

on + a 2 + a 3 < H12 + Pi + #2, Pi + 02 < M23 + 7, 7 < M34 
a 2 + a 3 < fi 12 + fa, P2 < M23 

"3 < Ml2- 

Now we can extract constraints for A — a\ — /?i — fi 2 and B = ct 2 + Pi — 7 as follows. 

\A < min(Ai2,Mi2) 
I B < min(Ai3,^i 3 ), A/i 2 3 



(A.6) 



(A.7) 



B < min(A 3 4,^34) 
-A < min(A 2 4, / U24), A/i 2 3 



Note that B and —A have two different upper bounds, respectively. 

As before we will find an upper bound (independent of A and /i) of 77'. We have 
one principle to follow. 

(*) If there is a term which is negative always, then we inore it. 

Following (*) we make a simple estimate. 

u , < (AM12 - A)(\ m - ff)(A/i 23 +A- fl) (A/424 + ^)(Am34 + B) = „ 

Al2Ai3A23A24A34^i2Ml3M23M24M34 

Now we divide the cases into 4 parts, namely (1) A, B > 0, (2) A < 0, B > 0, (3) 
A > 0, B < and (4) A, B < 0. We will apply (*) for each cases, and we expand 
all the factors and estimate term by terms using the above constraints. 

(1) When A,B>0wc have 

jj„ < A^i 2 A^i 3 (A/x23 + ^4)(A^24 + ^)(A^ 3 4 + B) 

Al2Ai3A 2 3A24A34/Zi2/Xl 3 /U23/U24A i 34 

Note that A < min(Ai2, ^12) < min(Ai3, ^13) and B < min(Ai3, ^13), so that the 
factor A/ii 2 A/ii3 in the numerator can cover up to 2 factors of A and B. One typical 
case is the following. 

A^i 2 A^i 3 A 2 A^ 3 4 AV12 AXni 3 A/Z34 <8 

A12A13A23A24A34/U12M13M23M24M34 Ai2/il2 A13/U13 A 2 3A 2 4A34/i23M24M34 

Now the most worried case of > 3 factors of A and B remained, namely the following. 
X^i 2 Xfi 13 A 2 B = AXfi 12 . ^Vi3 B < 

Al2Ai3A23A24A34/Lti2/Xl3M23M24Ai34 A12/U12 Ai3/ii3 A23 A24 A34/i23M24A*34 

Note that we have used B < A/i 23 . 

(2) When A < 0, B > we similarly have 

jj„ < (A/ii2 - A)A/Xi 3 A^2 3 A/i24(AjH34 + B) 
Al2Ai3A23A24A34/il2Ml3^23^24Ai34 

Note that the factor (A/zi 2 — A)A/ii 3 can cover up to 2 factors of A and £?. Indeed, 
the factor A/ii 2 A/<i3 is the same situation as before and the factor (— A)A/ii 3 can 
also cover up to 2 factors of A and B, since now the term Xfii 2 is absent. Similarly, 
the factor A/z 2 4(A/Z34 + B) can cover up to 2 factors of —A and _B. Thus, this case 
is easy since all the terms have < 1 factors of B and —A, respectively. 

(3) When A > 0, B < we similarly have 

u n < (A/424 + A)A/X3 4 A/zi 2 (AAti 3 - g)(A/t 23 +A-B) 

A24A 3 4Ai 2 Ai3A23/U24/U34A t 12A t 13A'23 

All the terms have < 2 factors of A and — £>, respectively, so the same approach as 
in (2) can be applied. 

24 



(4) When A, B < we can use symmetry between (A, B, A12, A13, /112, /113) and 
(— A, —B, A24, A34, ^24,^34)- 



A. 3. The case of SU (5). Let A = (Ai, A2, A3, A4, A5 = 0) and \i — (/ii, /I2, /13, /14, /15 : 
0). By the same approach we end up with finding an upper bound (independent of 
A and /*) of the following 

//" = -JIL. 
m-ny 

where 

III = (A/112 - ^)(A M i3 - S)(A M i4 - C) (A/123 + A- B)(A/i 2 4 + A- C)(A/i 25 + A) 
x (A/Z34 +B- C)(A/i 35 + B) (A//45 + C) 

and 

IIA = A12A13A14A23A24A25A34A35A45. 

Il/t means a similar product for /i. 
The constraints are 

A < min(Ai2,/ii 2 ) 
(A. 8) < B < min(Ai 3 ,//i3), A/i 2 3 

C < min(Ai4,/ii4), A/i 34 



min(A 2 3,/i23) 



and 



(A.9) 



-C < mm(A 45 ,/X45) 

--B < min(A35,/X3 S ), A/i 34 

-A < min(A 25 , M25), A/i 2 3 + min(A 34 , /Lt 34 ) 



Now we divide the cases into 8 parts according to the signs of A, B and C. Our 
basic strategy is the same. We will apply (*) for each cases, and we expand all the 
factors and estimate term by terms using the above constraints. 



(1) When A,B,C>0we have 

III < A/ii 2 A//l 3 A/ii4(A/i23 + A)(X^24 + A)(\[l25 
X (A/J34 + B)(XH36 + B)(\H45 + C). 



A) 



Note that the factor A/xi2A/ii3A/!i4 in the numerator can cover up to 3 factors of 
A, B and C. Actually, much more is possible. When a factor A appears in a specific 
term, then A/123, A/X24 or A/125 is absent in the same term. Thus, we can use the 
constraint B < A//23 to cover 1 factor of B for free by (|A.5j) . Moreover, if we use 
the constraint B < A/t23, then in turn A/Z34 or X1135 is absent in the term, so that 
we can use the constraint C < A/134 + min(A23, M23) to cover 1 factor of C for free. 
Note that we again need to split the term. When > 2 factors of A appear, then we 
can cover 1 factor of C without using the constraint B < \fi23- This observation 
leads us to the boundedness of each terms. 

(2) When A,B,C < we can use symmetry between 

(A, B, C, A12, A13, A14, /X12, /il3, H14) 

and 

( — A, —B, —C, A25, A35, A45, /i25, M35j M45)- 

(3) For the remaining cases we note the following. The term 

(A M i2 - 4) (A/ii3 - S)(A/xi4 - C) 
can cover up to 3 factors of A, B and C and the term 

(A/125 + A) (A/135 + B) (A/145 + C) 



can cover up to 3 factors of —A, —B and — G. Moreover, if we count the number 
of A, B and G appearing and the number of —A, —B and — G appearing, then at 
least one of them is < 3. Thus, we can apply the same scheme as in (1) and (2). 



Appendix B. The proof of Proposition 14.1(11 
First, we recall the following lemma from [26) . 

Lemma B.l. Let < a < 1 and take (5 > max j 1, — 1. Define the func- 



a(l — a) 

(B.l) p(x) = Cx a - f3 ln(l + x) , q(x) = 



tions p : [0, oo) — > R and q : R + — >• M by 

p(x) 



Then p is increasing and q is decreasing on 
Now we present the second lemma. 



a(l — a) 



x 

l/a 



, OO 



Lemma B.2. Let < a < 1, j3 > m&x-l 1, - — - )■ , and let G be a compact 



a{\ — a) 

group. Suppose that t : G — > [0, oo) is a function satisfying 
(B.2) t(ct) < t(tt) +t(tt'). 

for every 7r,7r' € G and a C ir <E> ir 1 . Let p and q be the functions defined in KB. 1\) 
and consider the function lj : G [1, oo) defined by 

w (tt) = eP^W) = e^W^W) (tt G G). 

Then, for every n, tt' € G cm<i c C 7r ® 7r' ; 

w(tr) < Af 2 w(7r)a;(7r'), 

where 

(B.3) M = max{e p (^- p ( s )- p ( r ) :t,s,re [0, 2if] n Z}. 



and 

(B.4) = 



^2 X V« 



a(l — a) 



Proof. By Lemma IB. 11 p is increasing and g is deceasing on [K,oo). Let 7r,7r' G G 
and a C 7r (g) 7r' be a subrepresentation of 7r ® 7r'. We will prove the statement of 
the theorem by considering various cases: 

Case I: max{r(7r), t(tt')} < K . In this case, t(ct) < t(tt) + t(tt') < 2K. Hence 



w(cr) 



uj(ir)u}(jr') 



= e p( r (°"))-p(' r ( 7r ))-p(- r ( T ')) < m_ 



Case II: max{r(7r), t{tt')} > K, min{r(7r), t(tt')} < K, and r(a) < K. Without 
loss of generality, we can assume that t(tt) > K and t(tt') < K. Thus, by Lemma 
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w(<t) = e p(r(ff)) 

< Me p ^> 

= 7if e r ( 7r ) < ?( T ( 7r )+ r ( 7r ')) e r ( 7r ')<?( 7 "( 7r )+ T ( 7r ')) 

< Me T ^ q ^ T ^e Kq< ' K " 1 

= Afw( 7 r)a;(7r')e p(x) - p(T(7r ' )) 

< M 2 w(7r)w(7r'). 

Case III; max{r(7r), t(tt')} > K, min{r(7r), t(tt')} < K, and r(cr) > K. Without 
loss of generality, we can assume that t(tt) > K and t(tt') < K . Then, by (IB. 21) . 

t(tt) +t(tt') > t(ct) > K. 

Thus, by Lemma lB.il 

u(p) = e p(T(CT)) 



< e- 

= e (T(T)+-r(T'))9( r ( 7r )+ T ( 7r ')) 

— e T(T)9(i"('n')+T(7r'))g 1 "( 7r ')9(' ! "( 7r ')+ 7 '( 7r ')) 

= Lo(T:)uj(n')e p(K) ~ p{T{ ' T ' )) 

< Mu{%)u)(ir'). 

Case IV: min{r(7r'), t(tt)} > K and r(cr) < if. In this case, we have 

> e 2 P (K) 

Hence 

u(a) < Mu(n)u(n'). 
Case V: min{r(7r), t(tt'), t(<t)} > K. In this case, by Lemma \B.1\ we have 

< gP(T(7T)+T(7r')) 

= g(T(7T)+T( 3 /))«(T(7r)+T(7 r ')) 

— e 1 "( 7r )?(- r ( 7r )+- r ( 7I "')) e - r ( 7I "')?(- r ( 7r )+ T ( Tr ')) 

< e T(7r)9(T(^))gT(i-')9(' r ( 7r ') 

< a;(7r)w(7r'). 

Therefore by comparing the above five cases and considering the fact that M > 
e -p(o) = i, it follows that 

uj(a) < M 2 w(it)u]{tt'). 

□ 

Proof of Proposition \4- 10\ If we set the function w by 

UJ a (TT) 
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then by Lemma TB.2[ for every ir, it' £ SU(n) and a C it ® ir' , 

Lj(a) < A/ 2 w(7r)cj(7r'), 
where M is the constant defined in (|B.3I) . This gives us the conclusion we wanted. 
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